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AN ACCOUNT OF CAUCHY'S "CALCVL DE8 RESIDUS." 



BY CHAS. H. KUMMELL, ASSISTANT U. S. LAKE SURVEY, DETROIT, MICH. 

{Continued from page 9.) 

2. Let <p{z) = 2''~i where m+1 > p >1. We have then 

/(o<o + Qi) = oo. 
But since the value oo of a; agrees with the upper limit of the a;-integration 
and the value of y with the lower limit of the ^/-integration, there is no 
corresponding correction by virtue of (10")*. Since 

(±c^o+y^)''-l _ {x-\-c-oif-'>- ^ q 
{a±oo-\-yiy* ~ {a-\-x-\-ooi)"' ~ ' 

if m+1 > p > 1 condition (11) is fulfilled and we have by formulas (lO'i), 
(lO'a) and (lO'g) 

J ^^{a+x)'" 2n—l ^ 1 ■ 2 ■■■ 2w— 1 

x(_a)p-2», (ci) 

p x'^^dx _ 2(p-l\-ay-^ ^^^ . p-1 p-2 p-2^ 
-^ _«(a+a;)='"+i 2w— 1 ^ 1 ' 2 " * * 2w 

x(_a)^-2''-i,(c,) 

In order to separate the real from the imaginary we have to transform 
these integrals by (13). We have then 

=/I(S;-[(«-^)"+^^^-^"(«+^^"]- 

We have then 

consequently, separating the possible from the impossible part 
*Bierens de Haan gives, iu such a case, -\-m for the correction for discontinuity. 
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_j,P— IP— 2 p— 2w+I _a ■ ,,. 

TT ^— •-^- • • , 2n— 1 ^ ' ^^^ 

v* J (a — a;)""* 2n — 1 1 2 2w — 1 '^ 

The integral {c\) is likewise oo unless p = f when we have 

r ^^<^ _, Izil^ 3-4n+2 s_2„ 
J o{a+x)^ ■ 2" 4 • 6 ■ ■ ■ 4m— 2 

2 4 6 8 4n— 2 
— we obtain 

-' o(a+a;7'* sinpTr' 1 ' 2 ■"' 2n— 1 ' ''''^'' 

In /'functions we have 

p^f2i^ _ rip)r{2n-p) _ rir,\r(\-^\ ^"-j^-i 2n-p-2 

J o(l+^r ^(2«) ~ ^ 2n— 1 • 271—2 

p—2 p— 1 
... 2 • 1 • 

13 . r"=a;'-i dx „_jj, r"a;^-i da; 

and by the second theorem of F functions 

r{p)r{l — p') = — , consequently (e'l) proves cor- 
rect. 

By a similar transformation we have from (Og) 



s:^$^~ [(»-.,.■« -e«(»+.,^." ] = tEi>« 



p-^e^'c^'^"'^ 






and, separating possible from impossible parts, 

P_^!:2^ r(a-a;)2"+i-cosp<a+a;)"'+n = ^(^-p a^-'cospTTcvo'"-' 
•^ o(" — a;2)''"'*''L r \ / J 2n — 1 

+.a— sin^.^.£=2...£^, (0',) 



/: 
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J o{a—xf''+^ 2n— 1 

= cfl if p > 1 

= ifp = l. (C2^^) 

Eliminating the latter integral we have also 

^'^ x"-'^ dx _ n p-2n+i P— Ip— 2 p—2n , „. 

o(a+a;)'"+i sinp;r 1 ' 2 ' " ' 2n ' ^ '^' 

This and formula (c'/) are comprised in the following 

r x^-'^dx ^ z p-^p-\ p—2 p — m+1 , .,. 

J a{a+xY BinpT: 1 ' 2 " ' * m— 1 " ^ ' 

Finally we have from (cg) 

C'^x^-'^dx C'^xf-'^dx „_. . , , . 

— =;ra*~^cotp;r. (c^g) 



/ 



(e's') 



= 0, 



«— ^ 

Eliminatmg I we have 

^ J ft a—x 

C'^x'-'^dx _ TO^-i 
J a+o; sinj);r* 

Ex. 2. Required f" /f'^f' , 2. 

We suppose 

±aH26(±cc+2/i) + (±wi+2/if "~ ±a^+26(a;-t-a2^j+(x+w)'' 
also that ^(2) does not become infinite for any value between co + xni and 
— co+Oi. The element function can become infinite only if 

±0^+262+3^ = 0, 
viz., if zi = —h-Y-y{b^^a\ 

22 = — 6— i/(6^Ta^). 
1. For the upper sign let b<C.a, then 

2i = —b+i^ia'—P) 

is the only value of z coming into consideration for which . ^\ ' , 

•' ^ a^ + 262 4- 2^ 

= CO, because 2/1 = -\-]/{o^ — b^) is comprised between the limits of the y- 
integration, viz., m and 0, We have then, by (12), 
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r« f{x)dx _ . 

To obtain this correction we have to use (10) which becomes here, since 
m = 1, 



/ 



L 0^ + 2624-2=' ^^ ''J3 = _j+i^(a2_j2 

■ 2V(«'— &') 



TT 



;f[-&+V(«''-&^)]. (<^) 



2. Let for the upper sign b = a then the proposed integral becomes 

3. If for the upper sign 6 > a we have two unequal real roots. The 
same is the case for the lower sign whatever the value of a or b. We have 
then two discontinuous elements, viz., if 

zi = -b+i/{b'+a')+0.i, 

22 = —b—]/{b^Ta')+0.i, 
because x^ as well as rcj are comprised within the limits ± wj of the a;-In- 
tegration and y^ = y^ = =: lower limit of the y integration. We have 
then to use formula (IO3) and obtain 

p f{x)dx _. r ^l-b+y^{b':^a^ )2, fi-b—/(P+a' )2-\ 

J _^±a? + 2bx + x' \_ 2i/{b'^a') "^ —2^(b^=fa'') J 

Corollaries. Let 6 = in (d), then 

also let 6 = in (d") for the lower sign only, then 

and if we put a = in (d") we have 

These formula may be used for any special form of f{x) and after prop- 
erly separating the real from the imaginary we obtain a great variety of in- 
tegrals as in Ex. 1. 



or 
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§5. 

Another useful formula is obtained by assuming in (6) ^n = co = y„ and 
Xq=0 = yf). We have then 

/-dxUix+wi)-f{x+0.i)2 = if«dif[{:f^+yi)-f{0+yi)-]-J, 
and if fix + wi) =A^+ yi) = 0, (11') 

/^ dxfix) = iftdyf{yi)+ A. (12') 

Since both integrals have the same range of integration we can write this 
equation thus: 

/-,dxlf{x)-if{xii\ = A. (12i) 

If the element function is par we have also 

/^c^a.[/(a,^)-^y(-a^] = J, (12'^) 

and if it is par par we have 

ndxlS{x<)-iAx<)-\ = A, 

If the element function is of the form a!*'~^^a;*), where p is any number 
between such limits as condition (11') requires, we have 
/^ dx ix'^-^M) -i^x^--^f{x*)-] = A, 

2 sin Ipr:' 
This latter formula reduces to (IS'g) if p = 1. 

/to da; 
— ^ J (p{x*) if <p{x*) does not become infinite for 
qCI """it/ 

any value of x between the limits and f^^ ' , satisfies (11'). 

a* — a;* ^ ' 

The roots of the equation 

a* — 3* = 

are 2^ = ae* ; ^g = ae"* ; 

Only the roots 2^ = (i(l+0.i)j Sj = a{0+i) need to be considered since 
X and 3/ must be positive. "We have by (IO3) 

«nd by (lO's") 
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• ^ = 2^3 ^(«*) (1-^)- 



Hence by (12'3) 

Let C3(a;4) = e"'^* then -4~, — r--^, = -~, k^ = 0, and therefore 

^^ ' a* — (a^+yty a* — {x+wty ' 



/: 



1(e) 



ott* — a;* 4a 3 

/« ^p-i 
da; f{x). — Replace x by x* then 
o+a; 

This is of the form (I24) and if ^{z*) does not become infinite between the 
limits cfl and of a; and y, the points of discontinuity are given by the eq'n 

a -f 2* = 0, 
which has the four roots 

Of these only z j = 0^^(008 i;r+^ sin ^tt) falls within the limits, since x as 
well as y must be positive. By formula (10) we have then 

= |7ria*-ie<*-i''^if(— a). 
This being used for J in (I24) we obtain 

p a;^-i& . V ^ ^ r".^!!li^p(a.4) = 4.|OTaP-ie(^-i>'r»>(-a) 
^ a+^ ^ «+« v\ y 2 rv / 

y^\ 

2 sin pn 

= shr^^(-«)- (^) 

Let y>(a;) = 1, then if 2 > p > 3 (11') is satisfied and we obtain the fa- 
miliar integral already given, §4, Ex. 1 and 2, 



r. 



if) 

a-j-a; sm pz 
[Mr. Kummell has contributed another § to this paper but for want of 
suitable type we are not able to insert it at present, but hope to be able to 
do so before the close of the present volume.] 



